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Abstract
Mathematical connection between the quantum teleportation, the most unique feature of quan-
tum information processing, and the black hole final state is studied taking into account the non
trivial spacetime geometry. We use the twist operatation for the generalized entanglement mea-
surement and the final state boundary conditions to obtain transfer theorems for the black hole
evaporation. This would enable us to put together the universal quantum teleportation and the
black hole evaporation in the unified mathematical footing. For a renormalized post selected final
state of outgoing Hawking radiation, we found that the measure of mixedness is preserved only
in the special case of final-state boundary condition in the micro-canonical form, which resmebles
perfect teleportation channel.
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I. INTRODUCTION
Black hole information paradox [1, 2, 3] has been a serious challenge to fundamental
physics for over three decades. Hawking’s semi-classical argument predicts that a process
of black hole formation and evaporation is not unitary [3], which contradicts the basic
principles of quantum mechanics-- evolution of pure state into pure state. On the other
hand, there is some evidence in string theory that the formation and evaporation of black
hole is a unitary process [4]. Nonetheless, Hawking effect, discovered nearly 30 years ago, is
generally accepted very credible and considered as would be an essential ingredient of the
yet unknown correct theory of quantum gravity.
Previously, Horowitz and Maldacena (HM) proposed a final-state boundary condition
[4] to reconcile the unitarity of the black hole evaporation with Hawking’ semi-classical
reasoning. The essence of HM proposal is to impose a unique final boundary condition at
the black hole singularity such that no information is absorbed by the singularity. The final
boundary state is maximally entangled states of the collapsing matter and infalling Hawking
radiation. The projection of final boundary state at the black hole singularity collapses the
state into one associated with the collapsing matter and transfer the information to the
outgoing Hawking radiation. The HM model is further refined, by including the unitary
interactions between the collapsing matter and infalling Hawking radiation [5], and a random
purification of the final boundary state [6]. It is also found that the evaporation depends on
the boundary condition at the event horizon [7].
One of the critical assumptions in the HM proposal is that the internal quantum state
of the black hole can be represented by maximally entangled states of collapsing matter
and infalling Hawking radiation. This ansatz is important because the final state boundary
condition of the HM proposal is based on this maximally entangled internal quantum state
[4]. Recently, one of us proved the HM ansatz for the special case of collapsing gravitational
shell of the Schwarzschild black hole [8].
In the HM proposal, the final state boundary condition (FBC) at the black hole singularity
acts like a measurement that collapses the state into one associated with an infalling matter
[4]. This transfer of the information from the collapsing matter to the outgoing Hawking
radiation is similar to the quantum teleportation [9, 10] as mentioned in the previous works
[4, 5]. Quantum teleportation is a unique feature of quantum information processing, which
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allows moving quantum states around even in the absence of a quantum communication
channel, linking the sender of the quantum state to the recipient [11]. Since black hole
information paradox is closely related to the aspects of quantum information, it would be
an interesting study to relate the black hole evaporation to a quantum teleportation.
In this paper, we compare the joint measurements by local unitary operations required
for the universal teleportation with the black hole final state and state transfer theorems for
the black hole evaporation. Twist operation for the generalized entanglement measurement
is employed as a principal mathematical tool. This would enable us to put together the
universal quantum teleportation and the black hole evaporation in the unified mathematical
footing. We first consider the case of a micro-canonical form [4] of black hole state, which
is a limiting case of a more general case such as a Schwarzschild black hole, then we extend
the analysis to the case of a Schwarzschild black hole.
II. TWISTER AND QUANTUM TELEPORTATION
We start by reviewing a twister formalism [10] for the universal teleportation scheme and
apply it to the black hole evaporation process. Let {|n〉} be the basis of the N dimensional
Hilbert space H , | . . .〉 be a state in H and | . . .≫ denote an entangled state in H ⊗H . We
define the transfer operator as
τb,a =
∑
n
|n〉ba〈n|, (1)
the entangled state in H1 ⊗H2 as
|−→Ψ ≫1,2= 1√
N
∑
n
e−iφn |n〉1 ⊗ |n〉2, (2)
and its twisted version as
|←−Ψ ≫1,2= 1√
N
∑
n
e−iφn |n〉2 ⊗ |n〉1. (3)
Changing the order of states in the tensor products as in eqs. (2) and (3) is called the twist
operation [10]. In this definition, we would like to note that |Ψ ≫= |−→Ψ ≫. The twist
operation swaps the pair of particles in H ⊗ H and we have the following identites which
will be used to describe both teleportation and black hole evaporation process [10]:
1,2 ≪ −→Ψ |←−Ψ ≫2,3= 1
N
τ3,1, (4)
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1,2 ≪←−Ψ |−→Ψ ≫2,3= 1
N
τ3,1, (5)
and
1,2 ≪ −→Ψ |[|φ〉1 ⊗ |←−Ψ ≫2,3] = 1
N
|φ〉3. (6)
Let us use these identities to describe the teleportation process first [10]. We assume that
”2” denotes Alice’s state, ”3” denotes Bob’s state and ”1” denotes an unknown state. We
start with an unknown state and a maximally entangled resource |φ〉1 ⊗ |−→Φ ≫2,3 . Alice
performs a generalized measurement on H1⊗H2 and obtains a maximally entangled result
|−→Ψ ≫1,2. Alice then let Bob know her measurement result. To accomplish the teleportation
procedure, Bob must now convert |−→Φ ≫2,3 into the twisted version of the entangled state
found by Alice |←−Ψ ≫2,3 after the generalized or overcomplete measurment. Then from eq.
(6), the initial unknown state |φ〉1 is teleported to Bob.
The set of all maximally entangled states can be represented by local unitary operations
[10]. We denote the unitary operator as S = S(g) where g is an element a group G = {g}
of transformations. For example,
|−→Ψ ≫1,2= S(g)⊗ I|−→Φ ≫1,2 (7)
for particular group operation g. Once Alice lets Bob know the unitary operation S(g)
over classical channel, then Bob can perform twist operation on |−→Φ ≫1,2 to complete the
teleporation.
III. FINAL SATE IN MICRO-CANONICAL FORM
It was pointed out in the previous works [4, 5, 6, 7, 8] that the final state boundary
condition resembles generalized measurement for the quantum teleportation. However, the
resemblance ends here because during the black hole evaporation there is no way to com-
municate the information of S(g) through the event horizon to outside of the black hole. In
the following, we reformulate the HM proposal using the twist operation developed in the
previous section and extend the proposal to the case of a mixed state. In the HM model,
the boundary state outside the event horizon is assumed to be the Unruh vacuum state
[12, 13, 14].
We assume that the quantum state of the collapsing matter belongs to a Hilbert space
HM with dimension N and |φ〉M be the initial quantum state of the collapsing matter.
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The Hilbert space of fluctuations on the background spacetime for black hole formation and
evaporation is separated into Hin and Hout which contain quantum states localized inside
and outside the event horizon, respectively. The Unruh vacuum state |Φ〉in⊗out belonging to
Hin ⊗Hout in micro-canonical form is given by [4, 5, 6, 7, 8]:
|Φ≫in,out= |Φ〉in⊗out = 1√
N
N∑
l=1
|l〉in ⊗ |l〉out , (8)
where {|l〉in} and {|l〉out} are orthonormal bases for Hin and Hout , respectively. The final-
state boundary condition (FBC) imposed at the singularity requires a maximally entangled
quantum state in HM ⊗Hin which is called final boundary state and is given by
M,in ≪ −→Ψ | = M⊗in〈Ψ| = 1√
N
N∑
l=1
M〈l| ⊗ in〈l|(S†(g)⊗ I) , (9)
where S(g) is a unitary transformation.
In HM proposal the evaporation process is defined as the generalized measurement on
the state |φ〉M ⊗|Φ≫in,out by the black hole final-state |−→Ψ ≫M,in . From this, we state the
following conjecture.
Horowitz-Maldacena conjecture: Given states |φ〉M ⊗ |Φ ≫in,out and |−→Ψ ≫M,in,
the evaporation process which transforms initial collapsing matter to the state of outgoing
Hawking radiation is described by the final state projection M,in ≪ −→Ψ |[|φ〉M ⊗ |Φ≫in,out].
We first obtain following trnasfer operator
Ωg = M,in ≪ −→Ψ |Φ≫in,out
=
1
N
∑
k,l
(M〈k|S†(g)⊗ in〈k|)(|l〉in ⊗ |l〉out)
=
1
N
∑
k
|k〉outM〈k|S†(g)
=
1
N
τout,MS
†(g). (10)
Eq. (10) implies the following transfer theorem [4]:
Theorem 1: Given state |φ〉M ⊗ |Φ ≫in,out, the black hole final state |−→Ψ ≫M,in, and
the transfer operator Ωg, the final state projection yields
M,in ≪ −→Ψ |[|φ〉M ⊗ |Φ≫in,out] = Ωg|φ〉M
=
S†(g)
N
|φ〉out. (11)
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The proof of the transfer theorem is as follows:
M,in ≪ −→Ψ |[|φ〉M ⊗ |Φ≫in,out]
=
1
N
∑
k,l
M〈k|S†(g)⊗ in〈k|[|φ〉M ⊗ (|l〉in ⊗ |l〉out)]
=
1
N
∑
k
|k〉outM〈k|S†(g)|φ〉M
=
1
N
∑
k
|k〉out〈k|S†(g)|φ〉out
=
S†(g)
N
|φ〉out. (12)
From eqs. (10) to (12), we can see that the twister with a transfer operator simplies the
calculation significantly. The initial matter state |φ〉M evolves into the state of outgoing
Hawking radiation S
†(g)
N
|φ〉out. This clearly indicates that the pure state evolves into the
pure state during the evaporation process.
Then, one may ask the following questions:”Does quantum mechanics dictate the mixed
state evolves into the mixed state?” and ”Is the measure of mixedness preserved at evapora-
tion?”
Mixed state is represented by the density operator of the form,
ρM =
∑
n
Cn|n〉M〈n|, (13)
with ∑
n
Cn = 1. (14)
Here we have used the fact that the density operator is a positive operator. A mixed state
arises when the initial matter state was entangled with other quantum systems when the
black hole was about to be formed and was taken a partial trace over these other systems.
The measure of mixedness is defined by
Mx = Tr(ρ
2
M). (15)
In order to get the final density operator at evaporation, we need to calculate
M,in ≪ −→Ψ |[ρM ⊗|Φ≫in,out≪ Φ|]|←−Ψ ≫M,in to study the evolution of mixed state. We first
obtain the following identities:
M,in ≪ −→Ψ |Φ≫in,out= 1
N
τout,MS
†(g), (16)
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and
in,out ≪ Φ|←−Ψ ≫M,in= S(g)
N
τM,out. (17)
From these identities, we state the transfer theorem for the mixed state.
Theorem 2: Given states ρM⊗|Φ≫in,out≪ Φ| and |←−Ψ ≫M,in, the final state projection
yields
M,in ≪ −→Ψ |[ρM ⊗ |Φ≫in,out≪ Φ|]|←−Ψ ≫M,in
=
S†(g)
N2
τout,MρMτM,outS(g)
=
1
N2
S†(g)(
∑
n
Cn|n〉out〈n|)S(g)
=
1
N2
S†(g)ρoutS(g). (18)
In order to prove this, we first calculate
ρM ⊗ |Φ≫M,out≪ Φ|
=
1
N
∑
k,l,n
Cn|n〉M〈n| ⊗ (|k〉in〈l|)⊗ (|k〉out〈l|). (19)
Then,
M,in ≪ −→Ψ |[ρM ⊗ |Φ≫in,out≪ Φ|]|←−Ψ ≫M,in
=
1
N2
∑
k,l,m,n,p
Cn (M〈m|S†(g)⊗ in〈m|)⊗ (|n〉M〈n|)⊗ (|k〉in〈l|)
⊗(|k〉out〈l|)S(g)|p〉M ⊗ |p〉in
=
1
N2
∑
m,n,p
Cn M〈m|S†(g)|n〉M〈n|S(g)|p〉M ⊗ |m〉out〈p|
=
1
N2
∑
m,n,p
Cn|m〉out〈m|S†(g)|n〉out〈n|S(g)|p〉out〈p|
=
1
N2
∑
n
Cn S
†(g)|n〉out〈n|S(g)
=
1
N2
S†(g)ρoutS(g). (20)
Here we have used the closure relation
∑
n |n〉〈n| = 1.We can see that the initial mixed state
evolves into a mixed state. In the final state boundary condition, the evaporation is described
by the unitary representation S(g) of the group element g of G. The normalization factor
1
N2
indicates that the outcome of the generalized measurement representing the evaporation
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would occur with probability 1
N2
. Then eq. (20) suggests that the final density operator
is ”post selected” state [4]. All the other outcomes are to be discarded. By following the
generalized measurement process, one can renormalize the post selected state[11], which is
given by
ρf = S
†(g) ρoutS(g), (21)
where
ρout =
∑
n
Cn |n〉out〈n|. (22)
We now study how the mixedness changes under evaporation. The measure of mixedness
of the initial matter state is defined by
Mxi = Tr(ρ
2
M)
= Tr(
∑
n,m
Cn C
∗
m|n〉〈n| |m〉〈m|)
= Tr(
∑
n
|Cn|2 |n〉〈n|)
=
∑
n
|Cn|2 < 1. (23)
The measure of mixedness of the final density operator is given by
Mxf = Tr(ρ
2
f)
= Tr(S†(g)ρout S(g) S
†(g) ρout S(g)))
= Tr(ρ2out)
= Mxi. (24)
This immediately suggests that the measure of mixedness is preserved during the black hole
evaporation in the case of the final-state boundary condition in micro-canonical form.
IV. FINAL STATE FOR THE SCHWARZSCHILD BLACK HOLE
Representation of Hawking radiation by the micro-canonical form considered in the pre-
vious section can be considered as a limiting case of the Bogoliubov transformed vacuum for
the Kruskal-Schwarzschild spacetime assocaited with a Schwarzschild black hole. TheHawk-
ing radiation of the Schwarzschild black hole is described by the Bololiubov transformed
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vacuum which yields infinite dimensional two-mode squeezed state [8]. This situation is
analogous to the imperfect teleportation channel [10].
The Unruh vacuum state |Φ(λ)≫in,out belonging to Hin ⊗Hout is given by [8]
|Φ(λ)≫in,out= (1− λ2)1/2
∑
n
λn|n〉in ⊗ |n〉out, (25)
where λ is a physical parameter describing the Hawking radiation, λ ∈ [0, 1) such that
the state becomes micro-canonical form as λ → 1. Crucial aspects of black hole physics
related to the non trivial spacetime geometry is contained in λ [8, 15, 16]. In the case of the
Schwarzschild black hole, λ = e−4piMω , where M is the mass of the black hole and ω is the
positive frequency of the normal mode. As a black hole internal state, we have [8, 17]
|Φ(λ)≫M,in= (1− λ2)1/2
∑
n
λn|n〉M ⊗ |n〉in. (26)
The final state boundary condition is then given by [8]
|−−→Ψ(λ)≫M,in= (S(g)⊗ I)|Φ(λ)≫M,in . (27)
Now, we state the following two lemmas.
Lemma 1: Given states |Φ(λ)≫M,in and |
−−→
Φ(λ)≫M,in, we obtain
M,in ≪
−−→
Ψ(λ)|Φ(λ)≫in,out= D(λ)S†(g)τout,M , (28)
where the distortion operator D(λ) is defined by
D(λ) = (1− λ2)
∑
n
λ2n|n〉〈n|. (29)
Further more, Tr(D(λ)) = 1 and Tr(D2(λ) ≤ 1.
Lemma 2: Given states |Φ(λ)≫M,in and |
−−→
Φ(λ)≫M.in, we obtain
in,out ≪ Φ(λ)|
←−−
Ψ(λ)≫in,out= τM,outS(g)D(λ). (30)
The proof of the lemma 1 is as follows:
M,in ≪
−−→
Ψ(λ)|Φ(λ)≫in,out = (1− λ2)
∑
n,m
λn+m(M〈n|S†(g)⊗ in〈n|)(|m〉in ⊗ |m〉out
= (1− λ2)
∑
n
λ2n|n〉out M〈n|S†(g)
= (1− λ2)
∑
n,m
λ2n|n〉out M〈n|S†(g)|m〉M〈m|
= (1− λ2)
∑
n,m
λ2n|n〉out〈n|S†(g)|m〉out M〈m|
= D(λ)S†(g)τout,M (31)
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The proof of lemma 2 is straightforward and can be obtained by the same method. The
following two theorems stated here without proof, describe the evaporation of pure state
and mixed state in the case of final-state boundary condition for the Schwarzschild black
hole.
Theorem 3: Given state |φ〉M ⊗ |Φ(λ) ≫in,out, the black hole final state projection
yields
M,in ≪
−−→
Ψ(λ)|[|φ〉M ⊗ |Φ(λ)≫in,out] = D(λ)S†|φ〉out. (32)
Theorem 4: Given states ρM ⊗ |Φ(λ)≫in,out≪ Φ(λ)| and |
←−−
Ψ(λ)≫M,in, the black hole
final state projection yields
M,in ≪
−−→
Ψ(λ)|[ρM ⊗ |Φ(λ)≫in,out≪ Φ(λ)|]|
←−−
Ψ(λ)≫M,in
= D(λ)S†(g)τout,MρMτM,outS(g)D(λ)
= D(λ)S†(g)ρoutS(g)D(λ). (33)
The proofs of theorem 3 and theorem 4 are straightforward.
Eqs. (32) and (33) suggest that the HM proposal can still be extended to the general
case. A pure state evoles into a pure state and a mixed state evolves into a mixted state.
Comparing eqs. (20) and (33), we note that the black hole final state projection looks like
the nonlocal quantum operation ρM → E(ρout) = E(g)ρoutE†(g), where E(g) is given by
E(g) =


S†
N
, for FBC in micro-canonical form,
D(λ)S†(g) , for FBC for Schwarzschild black hole.
(34)
In the case of FBC in micro-canonical form, E†(g)E(g) = S(g)
N
S†(g)
N
= 1
N2
and if the num-
ber of group element is N2, then we have
∑
g E
†(g)E(g) = 1. This imples that E(g)
describes the general measurement [11, 18] and the group element g specifies a particular
measurement. On the other hand, in the case of FBC for a Schwarzschild black hole, we get
E†(g)E(g) = S(g)D2(λ)S†(g) with tr(E†(g)E(g)) = Tr(D2(λ) ≤ 1. Here D(λ) resembles
the Kraus operator for decoherence process [19]. Under the HM conjecture, the evaporation
can be described by the nonlocal teleportation of ρM to ρout followed by the quantum opera-
tion E(ρout). In this case, the quantum operation E is non-trace preserving (Tr(E(ρout) ≤ 1),
convex-linear, and completely-positive. Non-trace preseving nature of the quantum opera-
tion E(ρout) means that we do not have the complete description of the evaporation process
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[11]. For example, we do not know the properties of a quantum group G, yet. One can still
renormlize the final density operator to get
ρf =
D(λ)S†(g)ρoutS(g)D(λ)
Tr(D(λ)S†(g)ρoutS(g)D(λ))
. (35)
The measure of mixedness is defined by
Tr(ρ2f) =
Tr[D(λ)S†(g)ρoutS(g)D
2(λ)S†(g)ρoutS(g)D(λ)]
Tr2(D(λ)S†(g)ρoutS(g)D(λ))
=
Tr[ρoutS(g)D
2(λ)S†(g)ρoutS(g)D
2(λ)S†(g)]
Tr2(ρoutS(g)D2(λ)S†(g))
=
Tr[ρoutWλ(g)ρoutWλ(g)]
Tr2(ρoutWλ(g))
, (36)
where Wλ(g) is defined by
Wλ(g) = S(g)D
2(λ)S†(g). (37)
We define W˜λ(g) by
W˜λ(g) =
Wλ(g)
Tr(ρoutWλ(g))
. (38)
Then eq. (36) can be rewritten as
Tr(ρ2f) = Tr[W˜λ(g)ρoutW˜λ(g)ρout]. (39)
For all bounded linear operator X and density operator T , we have the following inequlaity
[18]
|Tr(XT )| ≤‖ X ‖ ‖ T ‖1, (40)
where ‖ · ‖ is an operator norm and ‖ · ‖1 is a trace norm. Then, we have
Tr(ρ2f) = Tr[W˜λ(g)ρoutW˜λ(g)ρout]
≤ ‖ W˜λ(g) ‖ Tr[ρoutW˜λ(g)ρout]
= ‖ W˜λ(g) ‖ Tr[W˜λ(g)ρ2out]
≤ ‖ W˜λ(g) ‖2 Tr[ρ2out]
≤ Tr[ρ2out], (41)
since sup W˜λ(g) = 1. This suggests that the measure of mixedness is expected to decrease
(or more mixed) under evaporation in the case of final state boundary condition with non-
uniform distribution. On the other hand, in the case of FBC in micro-canonical form,
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originally proposed by Horowitz and Maldacena [4], we found that the black hole information
paradox is resolved perfectly for both a pure and a mixted state. In the pursuit of the
resolution of the black hole information paradox, we were concerned with the evolution of
the pure state under evaporation until now. We may need a further study to see how the
evolution of a mixed state and especially the preservation of the measure of mixedness are
related to the black hole information paradox in the general case.
V. SUMMARY
In this paper, we studied unified formulation of the quantum teleportation and the black
hole evaporation based on a twist operator for the generalized entanglement measurement
taking into account the non-trivial spacetime geometry. This enables us to put together
the universal quantum teleportation and black hole evaporation in the unified mathematical
footing. The resolution of the black hole information paradox using the final state boundary
condition implies not only the pure state evolving into the pure state but also the mixed
state evolving into the mixed state. It is found that for the latter case the measure of
mixedness is preserved only in the case of final-state boundary condition in micro-canonical
form.
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